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w-DIVISORIALITY IN POLYNOMIAL RINGS
STEFANIA GABELLI, EVAN HOUSTON, AND GIAMPAOLO PICOZZA
Abstract. We extend the Bass-Matlis characterization of local Noetherian divisorial domains to
the non-Noetherian case. This result is then used to study the following question: If a domain D
is w-divisorial, that is, if each w-ideal of D is divisorial, then is D[X] automatically w-divisorial?
We show that the answer is yes if D is either integrally closed or Mori.
Introduction
Throughout this paper, D denotes an integral domain with quotient field K. For a nonzero
fractional ideal I of D, we set I−1 = (D : I) = {x ∈ K | xI ⊆ D}, Iv = (I
−1)−1, It =
⋃
{Jv |
J is a nonzero finitely generated subideal of I}, and Iw =
⋃
(I : J), where the union is taken over
all finitely generated ideals J of D with Jv = D. An ideal I is said to be a divisorial (resp. t-,
w-) ideal if I = Iv (resp., I = It, I = Iw). We assume familiarity with properties of these star
operations. In particular, we shall use the fact that each nonzero, nonunit element of D is contained
in a maximal t-ideal, and we denote the set of maximal t-ideals of D by t -Max(D).
A domain D is said to be divisorial if each of its nonzero ideals is divisorial. These domains have
been studied by Bass [4], Matlis [19], Heinzer [13], Bazzoni and Salce [5], and Bazzoni [6]. In [10]
the first author and S. El Baghdadi studied domains in which each w-ideal of D is divisorial and
dubbed such domains w-divisorial domains. In part this work is a sequel to that paper. Our main
goal is to study whether w-divisoriality transfers from D to the polynomial ring D[X]. Although
we do not give a definitive answer, we do show that the property transfers in many cases, and we
analyze the difficulties in the general case.
In Section 1, we extend the Bass-Matlis characterization of Noetherian divisorial domains to
the non-Noetherian setting. Recall that a nonzero ideal I of D is said to be m-canonical if (I :
(I : J)) = J for each nonzero ideal J of D. We show in Theorem 1.2 that if D is a local domain
with nonprincipal maximal ideal M , then D is divisorial if and only if (M : M) is a 2-generated
D-module and M is an m-canonical ideal of (M : M).
Recall [1] that D is weakly Matlis if each nonzero element of D is contained in only finitely many
maximal t-ideals of D and each nonzero prime t-ideal of D is contained in a unique maximal t-ideal.
One of the main results in [10] is that D is w-divisorial if and only if D is weakly Matlis and DM
is divisorial for each maximal t-ideal M of D. We therefore devote Section 2 to a study of the
weakly Matlis property in polynomial rings. We prove that D[X] is weakly Matlis if and only if D
is weakly Matlis and each upper to zero in D[X] is contained in a unique maximal t-ideal of D[X],
and we give examples of weakly Matlis domains D for which D[X] is not weakly Matlis. Finally, in
Section 3 we consider the main question of the paper. We are able to show that if D is w-divisorial
and either integrally closed or Mori, then D[X] is also w-divisorial.
The second author was supported by a visiting grant from GNSAGA of INdAM (Istituto Nazionale di Alta
Matematica).
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1. Divisoriality
We begin with a compilation of some results of Bazzoni-Salce [5, Proposition 5.4, Lemma 5.5,
Theorem 5.7]. Recall that a domain D is h-local if each nonzero element of D is contained in only
finitely many maximal ideals of D and each nonzero prime ideal of D is contained in a unique
maximal ideal.
Theorem 1.1. [Bazzoni-Salce] Let D be a domain. Then D is divisorial if and only if D is h-local
and DM is divisorial for each maximal ideal M of D. If (D,M) is a local divisorial domain with
M principal, then D is a valuation domain. Finally, if (D,M) is a local divisorial domain with
M nonprincipal, then M−1 = (M : M) (so that M−1 is an overring of D), and exactly one of the
following cases occurs:
(1) (M : M) is local with maximal ideal N properly containing M , in which case N/M is simple
both as a D-module and as a (M : M)-module, N2 ⊆M , and (D : N) = N ;
(2) (M : M) is a Pru¨fer domain with exactly two maximal ideals N1 and N2, and M = N1∩N2;
(3) (M : M) is a valuation domain with maximal ideal M .
As noted in [6], (the first part of) this theorem effectively reduces the question of divisoriality of
a domain to the local case. It is well known that a local Noetherian domain (R,M) is divisorial if
and only if R has dimension one and M−1 is a 2-generated R-module [4, Theorems 6.2, 6.3] and [19,
Theorem 3.8]. (See [23] for an extension to the Mori case.) Our next result gives a characterization
of divisoriality in the general case. In the statement of the theorem, we assume that the maximal
ideal M of the local domain D is nonprincipal. This assumption results in no loss of generality since
by Theorem 1.1 if M is principal, then D is a valuation domain (and this case is well understood).
Theorem 1.2. Let D be a local domain with nonprincipal maximal ideal M , and assume that D
is not a valuation domain. Then D is a divisorial domain if and only if (M : M) is a 2-generated
D-module and M is an m-canonical ideal of (M : M).
Proof. We use the notation of Theorem 1.1. Suppose that D is divisorial. Then M is divisorial,
and so M−1 % D. Since M is not principal then M−1 = MM−1, so that (M : M) = M−1. Set
T = (M : M). By [5, Remark after Lemma 5.5], T is a 2-generated D-module (in fact, T = D+Du
for each u ∈ T \ D). Since D is divisorial, the ideal D is m-canonical, and so M = (D : T ) is
m-canonical by [14, Proposition 5.1].
Conversely, assume that T is a 2-generated D-module and that M is an m-canonical ideal of T .
Since D is assumed not to be a valuation domain, M is not m-canonical in D by [7, Proposition
4.1]; hence T properly contains D. Thus T/M is a 2-dimensional vector space over D/M , from
which it follows easily that T = D + Dx for each x ∈ T \ D. In particular, there are no rings
properly between D and T . Since T is integral over D, [11, Corollary 2.2] implies that T has at
most two maximal ideals.
Case 1. Suppose that T is actually local. There are then two subcases: M is the maximal ideal
of T or T is local with maximal ideal properly containing M .
Case 1a. Suppose that M is the maximal ideal of T . Then, since M is an m-canonical ideal of T ,
T is a valuation domain by [7, Proposition 4.1]. Since there are no rings properly between D and
T , [11, Theorem 2.4] then implies that T is the unique minimal overring of T . By [6, Proposition
2.7], D is divisorial.
Case 1b. Now suppose that T is local with maximal ideal N % M . Since M is an m-canonical
ideal of T , by [14, Lemma 4.1], M has a unique minimal fractional overideal. We shall use this to
show that T is the unique minimal overring of D. First, it follows from [11, Lemma 2.1] that there
are no ideals properly between N and M in T . Hence N must be the unique minimal overideal
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of M . Now, let x ∈ K \ D (where K is the common quotient field of D and T ). If x ∈ T ,
then we showed above that T = D + Dx. If x /∈ T = (M : M), then Mx * M , and so the
fractional ideal M + Mx properly contains M . Hence M + Mx ⊇ N . Let v ∈ N \ M . Then
v ∈ M +Mx ⊆ D +Dx, whence T = D +Dv ⊆ D +Dx. Hence T is indeed the unique minimal
overring of D. To show that D is divisorial in this case, we consider a nonprincipal ideal I of D.
We claim that I−1 = (D : I) is also nonprincipal. Suppose, on the contrary, that I−1 is principal.
Then Iv is also principal, and we have IvI
−1 = D * M . Since M is divisorial in D, it follows
that II−1 * M . However, this implies that I is invertible, hence principal, a contradiction. By [6,
Lemma 2.5], for any nonprincipal fractional ideal J of D, J is an ideal of T . It is also easy to see
that for such J we have (D : J) = (M : J). Thus, since M is an m-canonical ideal of T , we have
(D : (D : I)) = (M : (D : I)) = (M : (M : I)) = I. Thus D is divisorial, as desired.
Case 2. Suppose that T has two maximal ideals, say N1 and N2. We first claim that M = N1N2.
To verify this, recall that T/M is a 2-dimensional vector space over D/M , and consider the chain
of subspaces T/M % N1/M % N1N2/M ⊇ (0). We then have MTNi = NiTNi for i = 1, 2. We
also have by [14, Proposition 5.5] that MTNi is an m-canonical ideal of TNi and therefore by [7,
Proposition 4.1] that TNi is a valuation domain. Thus T is a Pru¨fer domain. It now follows from
[11, Theorem 2.4] that T is the unique minimal overring of D. That D is divisorial now follows
from the same argument given in the preceding paragraph. 
Let F ⊆ K be fields with [K : F ] = 2, and let D = F + (X,Y )K[X,Y ](X,Y ). Then D is
Noetherian and 2-dimensional, hence not divisorial, but the maximal ideal M of D is such that
M−1 = (M : M) = K[X,Y ](X,Y ) is a 2-generated D-module (but M is not m-canonical in (M :
M)). It would be interesting to have a (necessarily non-Noetherian) 1-dimensional example of a
nondivisorial local domain (D,M) with (M : M) a 2-generated D-module.
2. Weakly Matlis polynomial rings
Let D be a domain with quotient field K. For h ∈ K[X], we denote by c(h) the D-ideal generated
by the coefficients of h. We set N = {h ∈ D[X] | c(h) = D}. The ring D[X]N is called the Nagata
ring of D; this ring is also denoted by D(X). As in [18], we set Nv = {h ∈ D[X] | c(h)v = D} and
call the domain D[X]Nv the Nagata ring of D with respect to the v-operation.
We have Max(D[X]Nv ) = {MD[X]Nv | M ∈ t -Max(D)} [18, Proposition 2.1 (2)] and, for
Q = MD[X]Nv , (D[X]Nv )Q = D[X]MD[X] = DM (X).
Let Λ be a nonempty set of prime ideals of a domain D. Following [1], we say that Λ has
finite character if each nonzero element of D belongs to at most finitely many members of Λ and
that Λ is independent if no two members of Λ contain a common nonzero prime ideal. Thus D is
h-local if Max(D) is independent of finite character [19], and D is weakly Matlis if t -Max(D) is
independent of finite character. (Note that, since a prime ideal minimal over a nonzero principal
ideal is automatically a t-ideal, t -Max(D) is independent if and only if no two of its members
contain a common prime t-ideal.)
In the following lemma, the equivalence of (1) and (2) is proved in [17, Proposition 4.2]. (The
statement of their result includes the hypothesis that D be integrally closed, but their proof does
not make use of this.) We add a third equivalence.
Lemma 2.1. The following conditions are equivalent for a domain D.
(1) D has t-finite character.
(2) D[X] has t-finite character.
(3) D[X]Nv has finite character.
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Proof. (1) ⇔ (3). This follow from that fact that Max(D[X]Nv ) = {MD[X]Nv | M ∈ t -MaxD}
[18, Proposition 2.1 (2)]. 
The situation is not so simple for independence.
Proposition 2.2. The following conditions are equivalent for a domain D.
(1) t -Max(D) is independent (respectively, D is weakly Matlis), and each upper to zero in D[X]
is contained in a unique maximal t-ideal of D[X].
(2) t -Max(D[X]) is independent (respectively, D[X] is weakly Matlis).
(3) Max(D[X]Nv ) is independent (respectively, D[X]Nv is h-local).
Proof. In view of Lemma 2.1, we need prove only the “independent” equivalences.
(1) ⇒ (2). Let Q1 6= Q2 be maximal t-ideals of D[X]. If either of the Qi is an upper to zero,
then (since uppers to zero have height one) Q1∩Q2 cannot contain a nonzero prime. Hence we may
assume that bothQi are extended from maximal t-ideals ofD [15, Proposition 1.1]. Independence of
t -Max(D) then implies that Q1∩Q2 cannot contain any extended primes, and the other hypothesis
implies that Q1 ∩Q2 cannot contain an upper to zero. Hence t -Max(D[X]) is independent.
(2)⇒ (3). This follows from the fact that the maximal ideals of D[X]Nv are extended from the
(non-upper to zero) maximal t-ideals of D[X].
(3) ⇒ (1). Independence of t -Max(D) follows from the fact that maximal t-ideals of D extend
to maximal ideals of D[X]Nv . If an upper to zero Q is contained in N1 ∩ N2, where N1, N2 are
maximal t-ideals of D[X], then QD[X]Nv is a prime of D[X]Nv which is contained in the maximal
ideals NiD[X]Nv , i = 1, 2, a contradiction. 
Recall from [15] that D is a UMT-domain if each upper to zero in D[X] is a maximal t-ideal.
Corollary 2.3. Suppose that D has a unique maximal t-ideal (equivalently, D is a local domain
whose maximal ideal is a t-ideal) or is a UMT-domain. Then the following conditions are equivalent.
(1) D is weakly Matlis.
(2) D[X] is weakly Matlis.
(3) D[X]Nv is h-local.
Proof. The result follows easily from Proposition 2.2, in view of the fact that the hypothesis on D
guarantees that each upper to zero in D[X] is contained in a unique maximal t-ideal. 
The polynomial ring over a weakly Matlis domain need not be weakly Matlis, as Examples 2.5
and 2.6 below show. First, we characterize, in the strong Mori case, when D weakly Matlis implies
D[X] weakly Matlis. Recall that a domain R is a strong Mori domain if it satisfies the ascending
chain condition on w-ideals. We need the following facts from [24]. A domain R is a strong Mori
domain if and only if R has t-finite character and RM is Noetherian for each maximal t-ideal M
of R [24, Theorem 1.9]; a strong Mori domain satisfies the principal ideal theorem [24, Corollary
1.11]; and if R is a strong Mori domain, then so is R[X] [24, Theorem 1.13]. Our next result also
uses the fact that in any Mori domain, each nonzero element is contained in at most finitely many
prime t-ideals [16, Theorem 2.1].
Proposition 2.4. Suppose that D is a strong Mori (e.g., Noetherian) domain. Then D[X] is
weakly Matlis if and only if D is a weakly Matlis domain with at most one maximal t-ideal of height
greater than 1.
Proof. Suppose that D[X] is weakly Matlis. Then D is weakly Matlis by Proposition 2.2. Suppose
that M,N are maximal t-ideals of D of height greater than 1. Pick any nonzero element a ∈M∩N ,
and then choose b ∈M ∩N such that b is not in any of the height one primes containing a. Then
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aX− b /∈ P [X] for every height one prime P of D. Hence by the principal ideal theorem, the upper
to zero Q = (aX − b)K[X]∩D[X] is the only minimal prime of aX − b. However, this implies that
Q ⊆M [X] ∩N [X], contradicting that D[X] is weakly Matlis.
The converse follows easily from Proposition 2.2 (and the description of t -Max(D[X]) given in
[15, Proposition 1.1]). 
We now give an example of a weakly Matlis (in fact, h-local) Noetherian domain with two
maximal t-ideals of height two.
Example 2.5. In [20], McAdam gives an example of a Noetherian domain T having exactly 2
maximal ideals M,N , both of height 2, such that M ∩N does not contain a nonzero prime. Thus T
is h-local. We would like to transform the example, if necessary, to ensure that the maximal ideals
are t-ideals. We do this by means of a pullback. Note that in McAdam’s example, it is possible
to arrange that T/M and T/N are the same field k, with k arbitrary. Thus we may assume that
k contains a subfield F with [k : F ] < ∞. Now let D be the domain arising from the following
pullback diagram of canonical homomorphisms:
D −−−−→ F × F


y


y
T −−−−→ T/(M ∩N) ∼= k × k
(The downward maps are containments.) It is well known that D is a Noetherian domain with
spectrum homeomorphic to that of T . In particular, D is h-local and therefore weakly Matlis. We
also have that the maximal ideals M0 = M ∩D and N0 = N ∩D of D are (divisorial and therefore)
t-ideals. (For example, if m ∈ M \D, then mN0 ⊆ mN ⊆ D, so that m ∈ N
−1
0 \D. Thus N0 is
divisorial.) By Proposition 2.4, D[X] is not weakly Matlis.
Next, we show that the “strong Mori” hypothesis in Proposition 2.4 cannot be weakened to
“Mori”. The following is an example of a one-dimensional semilocal (hence automatically h-local
and therefore weakly Matlis) Mori domain D for which D[X] is not weakly Matlis.
Example 2.6. Let k be a field, and let u, t be indeterminates. Set V1 = k(u)[t](t) and V2 =
k(u)[t](t+1). Note that V1 = k(u) + tV1 and V2 = k(u) + (t + 1)V2. Set D1 = k + tV1 and
D2 = k+ (t+1)V2. Then for i = 1, 2, Di is a local, one-dimensional integrally closed Mori domain
[3, Proposition 3.4]. Note that K = k(u, t) is the common quotient field of all these domains.
Moreover, if Pi = (X − u)K[X] ∩ Di[X], then Pi ⊆ Ni[X], where Ni is the maximal ideal of Di.
(This is well known. If P * Ni[X], then u satisfies a polynomial over Di with a unit coefficient;
however, since Di is local and integrally closed, the u, u
−1-lemma would then imply that u or u−1
is in Di, a contradiction.) Now set D = D1∩D2. It is clear that t ∈ D1, and, since t = −1+(t+1),
we also have t ∈ D2. Hence t, t+1 ∈ D. It is now easy to see that t(t+1)u ∈ N1∩N2 ⊆ D, so that
D has quotient field K. Set Mi = Ni∩D. We claim that M1,M2 are the only maximal ideals of D.
This follows from the fact that any element of D \ (M1 ∪M2) is a unit in both D1 and D2, hence
also a unit in D. Moreover, we have DMi = Di for i = 1, 2 by [22, Corollary 8]. It follows that D
is a one-dimensional integrally closed Mori domain (as the intersection of two Mori domains) with
exactly two maximal ideals. Therefore, D is automatically weakly Matlis. However, it is easy to see
that P = (X − u)K[X] ∩D[X] ⊆M1[X] ∩M2[X]; therefore, since M1[X] and M2[X] are maximal
t-ideals of D[X], D[X] is not weakly Matlis. (In fact, (X − uj)K[X] ∩ D[X] ⊆ M1[X] ∩M2[X]
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for each nonzero integer j, so M1[X] ∩M2[X] actually contains infinitely many prime ideals.) Of
course, D is not strong Mori.
3. w-divisoriality in polynomial rings
In this section, we address
Question 3.1. If D is a w-divisorial domain, is D[X] also w-divisorial?
It is convenient to recall that a domain D is divisorial if and only if it is h-local and DM is
divisorial for each maximal ideal M (Theorem 1.1). Similarly, D is w-divisorial if and only if it is
weakly Matlis and DM is divisorial for each maximal t-ideal M [10, Theorem 1.5].
Proposition 3.2. The following conditions are equivalent for a domain D.
(1) D[X] is w-divisorial.
(2) D[X]Nv is divisorial.
In case these equivalent conditions hold, D is w-divisorial.
Proof. By Proposition 2.2, D[X] is weakly Matlis if and only if D[X]Nv is h-local.
If P is an upper to zero in D[X], then D[X]P is a DVR. Also, for each Q ∈ Max(D[X]Nv ), we
have Q = MD[X]Nv with M ∈ t -Max(D) and (D[X]Nv )Q = D[X]MD[X]. It follows that D[X] is
t-locally divisorial if and only if D[X]Nv is locally divisorial. Thus (1) ⇒ (2) by Theorem 1.1, and
(2) ⇒ (1) by [10, Theorem 1.5].
Now assume that D[X]Nv is divisorial. For each nonzero ideal J ofD, we have Jw = JD[X]Nv∩D
[9, Proposition 3.4] and JvD[X]Nv = (JD[X]Nv )v by [18, Corollary 2.3]. Thus, if I is a nonzero
ideal of D, we have
Iw = ID[X]Nv ∩D = (ID[X]Nv )v ∩D = IvD[X]Nv ∩D = Iv.
Thus D is w-divisorial. 
To simplify notation, for an ideal I and a maximal t-ideal M of D, we set IM (X) = IDM (X).
We have IM (X) = IM [X]MM [X] = I[X]M [X].
Lemma 3.3. If D is a weakly Matlis domain and M ∈ t -Max(D), then (I : J)M (X) = (IM (X) :
JM (X)), for each pair of t-ideals I, J of D. In particular, if J is divisorial, then JM (X) is
divisorial.
Proof. If D is a weakly Matlis domain, then for any pair of t-ideals I, J and each maximal t-ideal
M of D, we have (I : J)M = (IM : JM ) [1, Corollary 5.2]; in particular, (JDM )v = JvDM .
Now for M ∈ t -Max(D), we have MDM ∈ t -Max(DM ) by [2, Lemma 3.3]. Hence DM is weakly
Matlis, and therefore so is DM [X] (Corollary 2.3). In addition, MM [X] is a maximal t-ideal of
DM [X]. Thus (I : J)M (X) = (I : J)M [X]MM [X] = (IM : JM )[X]MM [X] = (IM [X] : JM [X])MM [X] =
(IM [X]MM [X] : JM [X]MM [X]) = (IM (X) : JM (X)). 
An ideal J of D which is m-canonical in (J : J) is called quasi-m-canonical in [21, Section 2.3.4];
by [21, Lemma 2.56], J is quasi-m-canonical if and only if (J : (J : I)) = I(J : J) for each nonzero
ideal I of D.
As already noted, D[X] is w-divisorial if and only ifD[X] is weakly Matlis andD[X]Q is divisorial
for each maximal t-ideal Q ofD[X]. The following results shortens the list of maximal t-ideals which
have to be checked.
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Proposition 3.4. Assume that D is a w-divisorial domain. The following statements are equiva-
lent.
(1) D[X] is w-divisorial.
(2) D[X] is weakly Matlis and DM (X) is divisorial for each M ∈ t -Max(D) such that (M :
M) = (D : M).
(3) D[X] is weakly Matlis and MM (X) is quasi-m-canonical for each M ∈ t -Max(D) such that
(M : M) = (D : M).
Proof. (1)⇒ (2). This follows from [10, Theorem 1.5] and the fact that M [X] ∈ t -Max(D[X]) for
each M ∈ t -Max(D).
(2)⇒ (1). Let Q be a maximal t-ideal of D[X]. If Q is an upper to zero, then D[X]Q is a DVR
and hence divisorial. Hence we may as well assume that Q = M [X] for some maximal t-ideal M of
D [15, Proposition 1.1]. By [10, Theorem 1.5] DM is divisorial. Suppose that M is t-invertible in
D. Then DM is a valuation domain [10, Lemma 3.1], and hence each ideal of DM (X) is extended
from D [18, Theorem 3.1]. If I = J(X) is an extended ideal of DM (X), with J ⊆ DM , then
J(X) = Jv(X) = J(X)v is divisorial [18, Corollary 2.3]. Thus D[X]Q is divisorial in this case. If
M is not t-invertible, then (M : M) = (D : M), and this case is covered by the hypothesis.
(2) ⇒ (3). Let M ∈ t -Max(D) be such that (M : M) = (D : M). By Lemma 3.3, we
have that (MM (X) : MM (X)) = (DM (X) : MM (X)). In addition, MM (X) is a divisorial ideal;
thus S = (MM (X) : MM (X)) is a proper overring of DM (X). Since DM (X) is divisorial and
(DM (X) : S) = MM (X) 6= 0, then MM (X) is an m-canonical ideal of S by [14, Proposition 5.1].
(3) ⇒ (2) Let M ∈ t -Max(D) with (M : M) = (D : M). Then DM is divisorial, whence
T := (MM : MM ) is a 2-generated DM -module by Theorem 1.2. Since D is weakly Matlis,
(M : M)M = (MM : MM ) by [1, Corollary 5.2]. Hence by Lemma 3.3, T (X) = (MM : MM )(X) =
(M : M)M (X) = (MM (X) : MM (X)). By hypothesis, MM (X) is m-canonical in T (X). Hence by
Theorem 1.2, we need only show that T (X) is a 2-generated DM (X)-module. However, since T (X)
is integral over DM (X), [11, Remark 1] implies that T (X) = T [X]DM [X]\MM [X], and the desired
conclusion follows easily.

We can now show that w-divisoriality transfers from D to D[X] in two cases (of course, w-
divisoriality of D[X] implies that of D by Proposition 3.2).
Corollary 3.5. D is an integrally closed w-divisorial domain if and only if D[X] is an integrally
closed w-divisorial domain.
Proof. An integrally closed w-divisorial domain is a weakly Matlis PvMD (hence a UMT-domain)
with each maximal t-ideal t-invertible [10, Theorem 3.3]. Hence we conclude by applying Corol-
lary 2.3 and Proposition 3.4. 
Proposition 3.6. If D is a Mori domain, then D is w-divisorial if and only if D[X] is w-divisorial.
Proof. Suppose that D is a w-divisorial Mori domain. Then D is a strong Mori domain of t-
dimension 1 by [10, Corollary 4.3]. Proposition 2.4 then yields that D[X] is weakly Matlis. Let M
be a maximal t-ideal of D. Then DM is Noetherian by [24, Theorem 1.9]. Hence T = (DM : MDM )
is a 2-generated DM -module by [19, Theorem 3.8]. It follows as in the proof of Proposition 3.4 that
T (X) is a 2-generated DM (X)-module. Another application of [19, Theorem 3.8] then yields that
DM (X) is divisorial. Hence D[X] is w-divisorial by [10, Theorem 1.5] or Proposition 3.4.

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We close this section with further discussion of Question 3.1. It is helpful to recall an old question
and to add another one:
Question 3.7. Is the integral closure of a divisorial domain a Pru¨fer domain?
Question 3.8. Is a w-divisorial domain a UMT-domain?
Question 3.7 was asked by Heinzer in [13]. It is fairly easy to show that Questions 3.7 and 3.8
are equivalent. First, suppose that Question 3.7 has a positive answer, and let D be a w-divisorial
domain. By [10, Theorem 1.5] DM is divisorial for each maximal t-ideal M of D, whence by
assumption each such DM has Pru¨fer integral closure. We then have that D is a UMT-domain
by [8, Theorem 2.4]. Conversely, suppose that Question 3.8 has a positive answer, and let D be a
divisorial domain. Then D is automatically w-divisorial and therefore UMT by assumption. If M
is a maximal ideal of D, then M is divisorial and hence a maximal t-ideal. Again by [8, Theorem
2.4] D has Pru¨fer integral closure.
Now consider Question 3.1 again. If D is w-divisorial, and we assume that this implies that D is
UMT (that is, that the equivalent Questions 3.7 and 3.8 have positive answers), then (D is weakly
Matlis and therefore) D[X] is weakly Matlis by Corollary 2.3. To show that D[X] is w-divisorial,
it would therefore suffice to show that D[X]M [X] = DM [X]MDM [X] is divisorial for each maximal
t-ideal M of D. Since DM is divisorial, this leads to the following
Question 3.9. If (D,M) is a local divisorial domain, is D[X]M [X](= D(X)) divisorial?
Let (D,M) be a local divisorial domain. According to Proposition 3.4 (1)⇔ (3), we may assume
that D $ T := (M : M) = (D : M), and we have to show that M(X) is m-canonical in T (X). We
are able to do this in two of the three cases mentioned in Theorem 1.1:
Case 3. T is a valuation domain with maximal ideal M . Then T (X) is also a valuation domain,
and its maximal ideal M(X) is m-canonical by [14, Proposition 6.2].
Case 2. T is a Pru¨fer domain with exactly two maximal ideals N1 and N2 with M = N1∩N2. Note
that T is necessarily the integral closure of D. By [14, Theorem 6.7] (or by [6, Proposition 2.9]),
T is h-local. It is then easy to see that T (X) is h-local. We claim that M(X) = N1(X) ∩N2(X)
is an m-canonical ideal of T (X). If both N1 and N2 are noninvertible, this follows from the proof
of [14, Theorem 6.7]. If only one, say (N1 hence) N1(X) is noninvertible, then the proof shows
that N2(X) is m-canonical. But multiplication by a principal ideal is harmless, so that in this
case M(X) = N1(X)N2(X) = N1(X) ∩ N2(X) is also m-canonical. Finally, if both N1(X) and
N2(X) are principal, then the proof guarantees that T (X) itself is (divisorial hence) m-canonical,
and again it follows easily that M(X) is m-canonical.
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